AUTOMORPHISMS OF THE DISK COMPLEX 
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Abstract. We show that the automorphism group of the disk 
complex is isomorphic to the handlcbody group. Using this, we 
prove that the outer automorphism group of the handlcbody group 
is trivial. 



1. Introduction 



We show that the automorphism group of the disk complex is iso- 
morphic to the handlebody group. Using this, we prove that the outer 
automorphism group of the handlebody group is trivial. These results 
and many of the details of the proof are inspired by Ivanov's work [5] 
on the mapping class group and the curve complex. 

Let V = Vg !n be the genus g handlebody with n spots: a regular 
neighborhood of a finite, polygonal, connected graph in R 3 with n 
disjoint disks chosen on the boundary. See Figure[T]for a picture of V^a- 
We write V = V g when n — 0. Let 8qV denote the union of the spots. 
Let d + V be the closure of dV\d V. So d + V = S = S g>n is a compact 
connected orientable surface of genus g with n boundary components. 
We write S = S g when n — 0. Define e(V) = — x(d + V) = 2g — 2 + n. 



Figure 1. A genus two handlebody with two spots. 

A simple closed curve a in S = S 9tn is inessential if it cuts a disk off 
of S; otherwise a is essential. The curve a is peripheral if it cuts an 
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annulus off of 5"; otherwise a is non-peripheral. A properly embedded 
disk D in V = V 9jW with dD C d + V, is essential or non-peripheral 
exactly as its boundary is in d + V. We require any proper isotopy of 
D C V to have track disjoint from the spots of V. This yields a proper 
isotopy of dD in d+V. 

Definition 1.1 (Harvey [3]). The curve complex C(S) is the simpli- 
cial complex with vertex set being isotopy classes of essential, non- 
peripheral curves in S. The /c-simplices are given by collections of 
k + 1 vertices having pairwise disjoint representatives. 

Definition 1.2 (McCullough [ID]). The disk complex T>(V) is the sim- 
plicial complex with vertex set being proper isotopy classes of essential, 
non-peripherial disks in V. The fc-simplices are given by collections of 
k + 1 vertices having pairwise disjoint representatives. 

Note that there is a natural inclusion T>(V) — * C(d+V) taking a disk 
to its boundary. This map is simplicial and injective. 

If K is a simplicial complex then Aut(/C) denotes the group of simpli- 
cial automorphisms of /C. The elements of Aut(C(5*)) and Aut(X>(V)) 
are to be contrasted with mapping classes on the underlying spaces. 

Definition 1.3. The mapping class group M.CQ(S) is the group of 
homeomorphisms of S, up to isotopy. The handlebody group 7i(V) is 
the group of homeomorphisms of V, fixing the spots setwise, up to spot 
preserving isotopy. 

Some authors refer to our AiCQ(S) as the extended mapping class 
group, as orientation reversing homeomorphisms are allowed. Note 
there is a natural map Ti-iV) — > M.CQ(d + V) which takes / G 7~t(V) to 
f\d + V. Again, this map is an injective homomorphism. 

Note finally that there is a natural homomorphism AiCQ(S) — > 
Aut(C(5*)) (and similarly for V). We will call any element of the image 
of this map a geometric automorphism. Our main theorem is: 

Theorem 19.31 If a handlebody V = V g , n satisfies e(V) > 3 then the 
natural map T~C(V) —>■ Aut(P(V)) is a surjection. 

In the language above: every element of Tl(V) is geometric. The 
plan of the proof of Theorem 19.31 is given in Section [3] and completed 
in Section [9j Section H] shows that Theorem 19.31 is sharp; all handle- 
bodies V with e(V) < 2 exhibit some kind of exceptional behaviour. 
Theorem 19.31 has a corollary: 

Theorem 19.41 If a handlebody V = V g>n satisfies e(V) > 3 then the 
natural map 7~C{V) Aut(T>(V)) is an isomorphism. 
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In Section [TO] we use Theorem 19.31 to prove: 

Theorem 110.11 If e(V) > 3 then the outer automorphism group of 
the handlebody group is trivial. 

These results are inspired by work of Ivanov, Korkmaz and Luo 
Eli: 

Theorem 1.4. If3g — 3 + n> 3, orif(g,n) = (0,5), then all elements 
of Aut(C(5 , gi „)) are geometric. Also, the outer automorphism group of 
MCG(S) is trivial. * □ 

2. Background 

The genus zero case of Theorem 11.41 is contained in the thesis of the 
first author [HI Theorem 1]. 

Theorem 2.1. If g = and n > 5 then all elements of Aut(C(5 , o, n )) 
are geometric. □ 

Spotted balls are the simplest handlebodies. Accordingly: 

Lemma 2.2. The natural maps X>(Vo,n) ~~ > C(£>o,n) an d W(Vo, n ) — > 
-MC^S^n) are isomorphisms. 

Proof. The three-manifold Vo, n is an n-spotted ball. Every simple 
closed curve in d + V bounds a disk in V. This proves that f(Vo, n ) — > 
C(So,n) is a surjection and thus, by the remark immediately after Def- 
inition 11.2^ an isomorphism. 

It follows from the Alexander trick that the inclusion of mapping 
class groups is an isomorphism. □ 

The genus zero case of Theorem 19.31 is an immediate corollary. We 
now give basic definitions. 

Suppose that V is a handlebody. Two disks D,E £ T>(V) are topolog- 
ical^ equivalent if there is a mapping class / £ Tl(V) so that f(D) = E. 
The topological type of D is its equivalence class in T>{V). 

For any simplicial complex, /C, if a £ K, is a simplex then recall that 

link(o-) = {t £ /C | a n r = 0, aUrGlC}. 

So if D is a simplex of 2^(V) then link(D) is the subcomplex of T>(V) 
spanned by disks E disjoint from some D £ © and distinct from all 
D £ D. 

If A C Y - is a properly embedded submanifold then we write neigh(A) 
and neigh(A) to denote open and closed regular neighborhoods of X in 
Y. If X is codimension zero then the frontier of X in Y is the closure 
of dX\dY. 
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A simplex D £ T>(V) is a cut system if V\ neigh(D) is a spotted ball. 
Note that every disk of D yields two spots of 7\ neigh(D). 

Recall that for simple curves a, (3 properly embedded in S the geo- 
metric intersection numberi(a, (5) is the minimum possible intersection 
number between proper isotopy representatives. 

Two disks D,E £ D(y) are dual if i(dD, BE) = 2; equivalently, 
after a suitable proper isotopy D and E intersect along a single arc; 
equivalently, after a suitable proper isotopy a regular neighborhood of 
D U E is a four-spotted ball with all spots essential in V . See Figure [2J 




Figure 2. Every spot of the Vo,4 containing a pair of 
dual disks is essential in V . 

If D = {Di} is a cut system we define dualj(D) to be the subcomplex 
spanned by the disks E £ T>(V) which are dual to Di and disjoint 
from Dj for all j ^ i. We take dual(D) to be the complex spanned by 
UiduaL(D). 

3. The proof of Theorem 19.31 

Let V = V 9i n be a genus g handlebody with n spots. We suppose that 
g > 1 and e(V) > 3. Let <fi be any automorphism of T>(V). Lemma [57X1 
proves that <j) preserves the topological types of disks. In addition, <fi 
sends cut systems to cut systems (Claim [5TB]) . Next Lemma [7.21 shows 
that <f) preserves duality. Also, for any cut system D = {Di}, the 
complex dualj(D) is connected (Lemma l7.3p . 

Pick any geometric automorphism / cut so that / cut (D) = 0(115), vertex- 
wise; / cut exists by Claim 15.61 Define cut = o <fi. Thus 

cut |D = Id. 

Let V = Vo. 2g+ n be the spotted ball obtained by cutting V along a 
regular neighborhood of D. Now, since cu t preserves link(D) = T>(V'), 
by Theorem 12.11 and Lemma 12.21 there is a homeomorphism / : V — > 
V so that the induced automorphism / £ Aut(V(V')) satisfies / = 
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cut | link(D). Section [6] proves that / preserves the g pairs of spots of 
V coming from D. Thus / can be glued to give a homeomorphism 
/iink : V — > V as well as an induced geometric automorphism / link G 
Aut(X>(V)). Define link = f^ k o cut . Thus 

0i ink |DU link(D) = Id. 

Recall that 0i ink preserves duals by Lemma 17.21 For every D ; G D 
pick some dual E^ G dualj(D). By Lemma 18.11 there is an integer 
m,j G Z so that T^ n ' i {E i ) = link (_Ej), where Tj is the Dehn twist about 
A- Define / dua i = TIT™ 1 and define dua i = f^i ° 0Hnk- Letting 
E = {Ei} we have 

0duai|DUlink(D) UE = Id. 

Recall that Lemma [731 proves that duab(D) is connected. Therefore, 
a crawling argument, given in Lemma [8.21 proves that 

dua i|© U link(D) U dual(D) = Id . 

Wajnryb [13] proves that the cut system complex is connected. Thus 
we may likewise crawl through T>(V) and prove (Section [9]) that 

0dual = Id 

and so prove that 

= /cut ° /link ° /dual- 

Thus is geometric. 

4. Small handlebodies 

In this section we deal with the small cases, where e(V) = 2g—2+n < 
2. We start with genus zero. If n < 3 then X>(Vo, n ) is empty. By 
Lemma 12721 the mapping class groups of V and d + V are equal. Thus 

H(V Q ), H{V 0>1 ) = Z/2Z 

while 

H(V 0>2 ) = K A and 7Y(V , 3 ) = Z/2Z x E 3 . 

Here K4 is the Klein four-group and S 3 is the symmetric group on three 
objects [121 Appendix A]. 

If n = 4 then T> is a countable collection of vertices with no higher 
dimensional simplices. Thus Aut(P) = Soo is uncountable. However, 
there are only countably many geometric automorphisms. In fact, by 
Lemma 12.21 the mapping class group HiVo^) is isomorphic to K4 x 
PGL(2,Z) [121 Appendix A]. 
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For genus one, if n = or 1 then T> is a single point and Aut(£>) is 
trivial. On the other hand 



For V = Vi t 2 matters are more subtle. The subcomplex NonSep(V) C 
T>(V), spanned by non-separating disks, is a copy of the Bass-Serre 
tree for the meridian curve in S^i = d + V^i [7|. Thus NonSep(V) is a 
copy of Tqc,: the regular tree with countably infinite valance. Now, if 
E G T>(V) is separating then there is a unique disk D disjoint from E; 
also, D is necessarily non-separating. It follows that T>(V) is a copy 
of NonSep(V) with countably many leaves attached to every vertex. 
Thus Aut(X>) contains a copy of Aut(T 0O ) as well as countably many 
copies of and is therefore uncountable. As usual 7i(V) is countable 
and so Aut(P) contains non-geometric elements. However, following 
Luo's treatment of C(S) [H| suggests the following problem: 

Problem 4.1. Suppose that V = V\p- Let Q be the subgroup of 
Aut(P(V)) consisting of automorphisms preserving duality: if G 
H, and D, E are dual then so are 4>(D), <f>(E). Is every element of Q 
geometric? 

Note that this approach of recording duality is precisely correct for 
the four-spotted ball; the complex where simplices record duality in Vo,4 
is the Farey tessellation, J 7 , and every element of Aut(jF) is geometric. 
See [91 Section 3.2]. 

The last exceptional case is V = Vi. Let NonSep(V) be the subcom- 
plex of T>(V) spanned by non-separating disks. Then NonSep(V) is an 
increasing union, as follows: Af is a single triangle, A/i+i is obtained by 
attaching (to every free edge of Mi) a countable collection of triangles, 
and NonSep(V) is the increasing union of the Mi- A careful discussion 
of NonSep(V) is given by Cho and McCullough J2J Section 4] 

We obtain T>(V) by attaching a countable collection of triangles to 
every edge of NonSep(V). To see this note that every separating disk 
E divides V into two copies of V\,\- These copies of have merid- 
ian disks, say D and D' . Thus link(E') is an edge and the triangle 
{E, D,D'} has two free edges in T>(V), as indicated. Finally, there is 
a countable collection of separating disks lying in V\(D U D'), again 
as indicated. 

It follows that Aut(2}(V2)) is uncountable. Again, as in Problem 14.11 
we may ask: are all "duality-respecting" elements / G Aut(I ) (T4)) 
geometric? We end with another open problem: 

Problem 4.2. Suppose that V is a handlebody with e(V) and genus 
both sufficiently large. Show that Aut(NonSep(V)) = H(V). 



H(Vt), H(V ltl ) = ZxK 4 . 
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A solution to Problem 14.21 may lead to a simplified proof of Theo- 
rem dnm 

5. Topological types 

The goal of this section is: 

Lemma 5.1. Suppose that <fi G Ax\.t{T>{V)). Then preserves topolog- 
ical types of disks. 

The complexity of V g , n is £{V) = 3g - 3 + n. If £{V) > 1 then £(V) 
is the number of vertices of a maximal simplex of T>{V). Note that 
Vi, V\ t x and Vo,4 are the only handlebodies where T>(V) has dimension 
zero. (When T>(V) is empty its dimension is —1.) Further V\ and V^i 
are the only handlebodies where T>(V) is a single point. 

We will call Vo,3, the three-spotted ball, a solid pair of pants. Thus 
£(V) is the number of disks in a pants decomposition of V while e(V) = 
2<7 — 2 + n is the number of solid pants in the decomposition. We 
will call Vi t x a solid handle. Suppose now that E is separating with 
V\ neigh(Z^) = X U Y . If X or Y is a solid pants then we call E a 
pants disk. If X or Y is a solid handle then we call E a handle disk. 

Recall that if K, and C are non-empty simplicial complexes with 
disjoint vertex sets then /C V C, their join, is the complex 

/CU{ctUt|ctG/C, r e £} U £. 

Claim 5.2. For any handlebody V the complex X'(V r ) is not a join. 

Proof. When e(V) < 2 this can be checked case-by-case, following Sec- 
tion|H The remaining handlebodies all admit disks D, E that fill: every 
disk F meets at least one of D or E. It follows that any edge-path in 
T>^{V) connecting D to E has length at least three. However, the 
diameter of the one-skeleton of a join is either one or two. □ 

The complex T>(V) is flag: minimal non-faces have dimension one. 

Observe that <j) preserves the combinatorics of T>(V). Thus any topo- 
logical property of V that has a combinatorial characterization will be 
preserved by <j). We proceed with a sequence of claims. 

Claim 5.3. The disk E is a separating disk yet not a pants disk if and 
only if link(i?) is a join. Furthermore, in this case link(E') is realized 
as a join in exactly one way, up to permuting the factors. 

Proof. Suppose that V\ neigh(i?) = X U Y, where neither X nor Y 
is a solid pants. Since E is essential and non-peripheral both T>(X) 
and V(Y) are non-empty. It follows that link(E) = V(X) V V(Y), 
and neither factor is empty. Furthermore, this join is realized uniquely, 
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because T>(X) is never itself a join (by Claim l5\2i) . T>(X) is flag and 
join is associative. 

On the other hand, if E is non-separating then link(i?) is isomorphic 
to V(V g _ hn+2 ). If E is a pants disk then link(£) = X>(V^ n _i). Neither 
of these is a join by Claim l5\2l □ 

A cone is the join of a point with some non-empty simplicial complex. 

Claim 5.4. Suppose that V 7^ Vi 2- Then G T>(V) is a handle disk 
if and only if link(.E') is a cone. 

Proof. Suppose that E cuts off a solid handle X with meridian D. 
Let F be the other component of V\ neigh(i?). Since V 7^ Vj.^ we 
have that P(V) is non-empty; in particular E is not a pants disk. By 
Claim O we have link(E) = V{X) V £>(F). As £>(X) = {D} we are 
done with the forward direction. 

Now suppose that \mk(E) is a cone from D. Since a cone is the join 
of the apex with the base, by Claim 15.31 the disk E is separating. Let 
^\neigh(£) = X U Y. Thus ]mk(E) = V(X) V V(Y). However, by 
Claim I5T31 the decomposition of \mk(E) is unique; breaking symmetry 
we may assume that T>(X) = {D}. Thus X is a solid handle and we 
are done. □ 

It immediately follows that: 

Claim 5.5. Suppose that V 7^ Vip- Then D e T>(V) is non-separating 
if and only if there is an E G T>(V) so that link(i?) is a cone with apex 
D. □ 

Claim 5.6. Suppose that e(V) > 3. A simplex © G T>(V) is a cut 
system if and only if the following properties hold: 

• for every pair of disks D,E G link(D) the complex link(i?) R 
link(D) is not a cone with apex D and 

• for every proper subset a C D there is a pair of disks D,E £ 
link(cr) so that the complex link(£ , )nlink(o") is a cone with apex 
D. 

Proof. The forward direction follows from Claim 15.51 and the definition 
of a cut system. (When V is a spotted ball the only cut system is the 
empty set; the empty set has no proper subsets.) 

Now for the backwards direction: From the first property and by 
Claim 15.51 deduce that V = V\ neigh(D) is a collection of spotted 
balls. If V has at least two components then there is a proper subset 
cr C © which is a cut system for V. Thus V\ neigh(cr) is a spotted ball 
and this contradicts the second property. □ 
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Lemma 5.7. Suppose that V, W are handlebodies with T>(V) = V(W). 
Then either: 

• V = W or 

• V,We {VuVn} or 

• V,W e {Vo,V 0>1 ,Vo,2,V , s }. 

This is the handlebody version of [8j Lemma 4.5] and 0, Lemma 
2.1]. 

Proof of Lemma \5. 7[ When e(V) < 2 this can be checked case-by-case, 
following Section H When V has e(V) > 3 then £(V) = £(W). By 
Claim [5\6l the handlebodies V and W have cut systems of the same size. 
It follows that V, W have the same genus and thus the same number 
of spots. □ 

We now have: 

Proof of Lemma [3T71 Let V = V g>n and fix G Aut(P(V)). When 
e(V) < 2, Lemma [57T1 can be checked case- by-case, following Section HI 
So suppose that e(V) > 3. 

The automorphism must preserve the set of non-separating disks 
by Claim [5751 

Suppose that E e T>(V) is a separating disk yet not a pants disk. 
Writing V\ neigh(E) = X U Y we have \mk(E) = V(X) V V(Y). By 
Claim 15.31 this join is realized uniquely and so we can recover T>(X) 
and T>(Y). By Lemma [5.71 we may deduce, combinatorially, the genus 
and number of spots of X and Y. Thus preserves the topological 
type of E. 

The only topological type remaining is the set of pants disks. Since 
all other types are preserved, so are the pants disks. We are done. □ 

6. Regluing 

Suppose that <pn G Aut(X>(V)) fixes D. By Lemma 12.21 there is a 
homeomorphism / of V — V \ neigh (D) so that the induced geometric 
automorphism equals <fto \ link(B). We must show that / gives a home- 
omorphism of V: that is, for every i the spots Df are preserved by 
/• 

Let handle^©) C link(D) be the collection of handle disks E G V(V) 
such that 

• one component of V\ neigh(E') is a solid handle containing Di 
and 

• E is disjoint from all of the Dj. 
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Let pants^©) C V{V') be the collection of pants disks E such that 
one component of V'\ neigh(.E) is a solid pants meeting the spots Df. 

By the claims in the previous section the set handlej(D) is, for all i, 
combinatorially characterized and so preserved by 0d- It follows that 
the homeomorphism / G HomeofV') preserves the set pantSj(D), for 
all i. Now, suppose that f(Df), f(D^) = A,B where A, B are spots of 
V. Let E G pants 1 (D) be any pants disk. Then f(E) is a pants disk 
cutting off A and B. It follows that the spots A, B (in some order) 
equal the spots Df as desired. 

7. Duality 

Recall that two disks D,E G V(V) are dual if i(dD,dE) = 2 (see 
Figure [2]). A pentagon P C T>(Vq^) is a collection of five disks P = 
{Ei}f =Q so that Ei and E i+ i are disjoint, for all i (modulo five). We say 
that the disks Ei, E i+2 are non-adjacent in P, for all i (modulo five). 

Lemma 7.1 (Pentagon Lemma). Suppose that V = Vq^. Two disks 
D,E G T>(V) are dual if and only if there is a pentagon P so that 
D,E G P and D, E are non-adjacent in P. 

Proof. Recall that V{V ^) = C(So^), by Lemma 12.21 The pentagon 
lemma for So,5 (see [H Theorem 3.2] or [9j Lemma 4.2]) implies that 
there is only one pentagon in T>(Vq^), up to the action of the handle- 
body group. □ 

Lemma 7.2. Suppose that V = V 9tn has e(V) > 3. Two disks D,E G 
T>(V) are dual if and only if there is a simplex a G T>(V) with 

• link(a) ^ V(V , 5 ), 

• D,E are non-adjacent in some pentagon o/link(<r). 

It follows that every <p G Aut(V(V)) preserves duality. We will say 
that a handlebody W C V is cleanly embedded if: 

• all spots of W are essential in V and 

• if a spot of W is peripheral in V then it is also a spot of V. 



Proof of Lemma \7Jq Suppose that D, E are dual. Let X be the four- 
spotted ball containing them. Isotope X to be cleanly embedded. Let 
E be a pants decomposition of V = y\neigh(X). Now, there is at 
least one solid pants P in V'\ neigh(E) which has a spot, say F, which 
is parallel to a spot of X. If not then e(V) < 2, a contradiction. 

Let Y = X U neigh(F) U P and notice that this is a five-spotted 
ball containing D and E, our original disks. Isotope Y to be cleanly 
embedded. Let E' be any pants decomposition of V\neigh(y). Add 
to E' any spots of Y which are non-peripheral in V. This then is the 
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desired simplex a G D(V). Since D and E are dual the pentagon lemma 
implies that there is a pentagon in T>(Y) making D, E non-adjacent. 

The backwards direction follows from Lemma 15.71 the combinatorial 
characterization of genus and number of spots, and from the pentagon 
lemma. □ 

We now discuss the dual complex. Fix a cut system D = {Di}. 
Recall that dualj(D) is the subcomplex of T>(V) spanned by the disks 
E G T>(V) which are dual to Di and disjoint from Dj for all j ^ i. 

Define Vi to be the spotted solid torus obtained by cutting V along 
all disks of D except D^. Note that Vi has exactly e(V)— many spots, 
and this is at least three. Also, Di is a meridian disk for Vi. Note that 
duab(D) C T>(Vi). A disk E G duaL(D) is a simple dual if E is a pants 
disk in Vi. 

Let »4.j (O) be the complex where vertices are isotopy classes of arcs 
a C d + Vi so that 

• a meets dDi exactly once, transversely, and 

• da meets distinct spots of Vi. 

A collection of vertices spans a simplex if they can be realized disjointly. 

If an arc a G -Aj(B) meets spots A,Be d Vi then the frontier of 
neigh(A U a U B) is a simple dual, E a . 

Lemma 7.3. If e(V) > 3 then the complex dualj(D) is connected. 

It suffices to check this for % — 1. To simplify notation we write 
D = Di, U = V 1} dual(D) = dual i (D) and A(D) = Ai(D). We will 
prove Lemma 17.31 via a sequence of claims. 

Claim. For any pair of arcs a, 7 G A(D) there is a sequence {ak}^ =0 C 
A(D) so that: 

• the arcs ctk+i are disjoint, for all k < N, 

• ao = a and = 7, and 

• there is at most one spot in common between the endpoints of 
«fc and ajfc+i, for all k < N. 

Proof. Fix, for the remainder of the proof, an arc (3 G A(D) so that a 
and j3 are disjoint and so that the endpoints of a and (3 share at most 
one spot. This is possible as U has at least three spots. Define the 
complexity of 7 to be 0(7) = i(a, 7) + i((3, 7). Notice if 0(7) = then 
we are done: one of the sequences 

{a, 7} or {a,/5,7} 

has the desired properties. 
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Now induct on 0(7). Suppose, breaking symmetry, that a meets a 
spot, say A G d U, so that 7 fl A = 0. If i(a, 7) = then the sequence 
{0,7} has the desired properties. If not, then let x be the point of 
a fl 7 that is closest, along a, to the endpoint a fl A. Let a' C a be 
the subarc connecting x and aC\ A. Let iV be a regular neighborhood, 
taken in d+U, of 7 U a'. The frontier of N, in d+U, is a union of three 
arcs: one arc properly isotopic to 7 and two more arcs 7', 7". 

The arcs 7' and 7" are disjoint from 7 and satisfy 0(7') + 0(7") < 
0(7) — 1. Also, since 7' and 7" each have one endpoint on the spot A 
the arcs 7' and 7" have exactly one spot in common with 7. Now, if 
a' PI <9-D = then one of 7', 7" meets <9.D once and the other is disjoint. 
On the other hand, if a' D dD 7^ then a' meets dD once. Thus one 
of 7', 7" meets dD once and the other meets dD twice. In either case 
we are done. □ 

Recall that if a G A{D) is an arc then E a is the associated simple 
dual. 

Claim. If a, (3 G A{D) are disjoint arcs, with at most one spot in 
common between their endpoints, then there is an edge-path in dual(-D) 
of length at most four between E a and Ep. 

Proof. If a and (3 share no spots then {E a , Ep\ is a path of length 
one. Suppose that a and f3 share a single spot. Let A, B, C be the 
three spots that a and f3 meet, with both meeting C. Let a', (3' be the 
subarcs of a, (3 connecting C to dD. There are two cases: either a' 
and j3' are incident on the same side of dD or are incident on opposite 
sides. 

Suppose that a' and (3' are incident on the same side of dD. Then 
a' and /3', together with subarcs of dC and dD bound a disk A C dU. 
Note that A may contain spots, but it meets AU BUC only along the 
subarc in dC. It follows that the disk F, defined to be the frontier of 

neigh ((A UBUC)U(aU^)UA), 

is dual to D. The disk F is also essential as it separates at least three 
spots from a solid handle. So {E a , F, Ep] is the desired path. 

Suppose that a' and j3' are incident on opposite sides of dD. Let 
d C dD be either component of dD\(a U (3). Let a" = and 
define f3" similarly. Define 7 G A(D) by forming the arc a" U d U f3" 
and using an proper isotopy of d+U to make 7 transverse to dD. Now 
apply the previous paragraph to the pairs {«,7} and {7,/^} to obtain 
the desired path of length four. □ 
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Claim. For every dual E e dual(D) there is a simple dual connected 
to E by an edge-path of length at most two. 

Proof. The graph dE U dD cuts dU into a pair of disks B, C and an 
annulus A. Each of B, C contain at least one spot. 

Suppose E is separating. Then the disks B, C are adjacent along an 
subarc of dD. Connect a spot in B to a spot in C by an arc a that 
meets dD once and that is disjoint from dE. Thus E a is disjoint from 
E. 

Suppose E is non-separating. Then the two disks B, C meet only at 
the points of dD n dE. Now, if the annulus A contains a spot then 
we may connect a spot in B to a spot in A by an arc a meeting dD 
once and dE not at all. In this case we are done as in the previous 
paragraph. 

If A contains no spots then, breaking symmetry, we may assume 
that B contains at least two spots while C contains at least one. Let 
6 be an arc connecting some spot, say B' C B, to E. Let N be a 
regular neighorhood of E U 5 U B'. Then the frontier of N contains 
two disks. One of these is isotopic to E while the other, say E', is 
non-separating, dual to D, and divides the spots as described in the 
previous paragraph. □ 

Equipped with these claims we have: 



Proof of Lemraa \LS . The first two claims imply that the set of simple 
duals in dual(-D) is contained in a connected set. The third claim shows 
that every vertex in dual(-D) is distance at most two from the set of 
simple duals. This completes the proof. □ 

8. Crawling through the complex of duals 

Lemma 8.1. Suppose that fixes D and link(D). For any E e 
duab(D) the disks E and (f>(E) differ by some power of T i; the Dehn 
twist about . 

Proof. As usual, it suffices to prove this for D = D\. Let U — V\. 

Let X C U be the four-spotted ball filled by D and the dual disk E. 
Isotope X to be cleanly embedded. Let F be the components of d$X 
which are not spots of U. Note that 0i in k fixes D as well as every disk 
of F. This, together with Lemma 17.2} implies that 0i; n k preserves the 
set of disks that are contained in X and dual to D. 

Since T>(X) equipped with the duality relation is a copy of J 7 , the 
Farey graph, it follows that E and F = (j)imk{E) differ by some number 
of half-twists about D. HE and F differ by an odd number of half- 
twists then E and F have differing topological types, contradicting 
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Lemma [5J] applied to 0i in k|^ ) (?7). Thus E and F differ by an even 
number of half-twists, as desired. □ 

Lemma 8.2. Suppose that 0duai fixes D, link(D), and E, a collection 
of duals (that is, E^ e dualj(D)^. Then 0duai fixes every vertex of 
dualj(O), for all i. 

Proof. As usual, it suffices to prove this for D = D\. Let E = E\ and 
let U = V\. We crawl through dual(D) = duali(D), as follows. 

Suppose that F,Gg dual(D) are adjacent vertices and suppose that 
4>duai(F) = F. By Lemma EH the disks G and G' = 0duai(G) differ 
by some number of Dehn twists about D. Also, as 0duai is a simplical 
automorphism the disks F and G' are disjoint. Let A be the four- 
spotted ball filled by D and F. If G and G' are not equal then G H A 
and G'nX are also not equal and in fact differ by some non-zero number 
of twists; thus one of G H X or G" fl A must cross F, a contradiction. 

Recall that <frduai{E) = E. Suppose that G is any vertex of dual(D). 
Since dual(-D) is connected (Lemma 17.31) there is a path V C dual(-D) 
connecting E to G. Induction along V completes the proof. □ 

9. Crawling through the disk complex 

Before continuing we will need the following complex: 

Definition 9.1 (Wajnryb [13J). The cut system graph CQ{V) is the 
graph with vertex set being isotopy classes of unordered cut systems in 
V . Edges are given by pairs of cut systems with g — 1 disks in common 
and the remaining pair of disks disjoint. 

Wajnryb also gives a two-skeleton, but we will only require: 

Theorem 9.2 (Wajnryb [TJ] ). The cut system graph CQ(V) is con- 
nected. 

For the remainder of this section suppose that $ = 0duai is an au- 
tomorphism of T>(V) and D is a cut system so that $ fixes D, link(D) 
and dual(D). 

For the crawling step, suppose that E, F are adjacent in CQ(V) and 
that $ fixes E, link(E) and dual(E). Let G be a pants decomposi- 
tion obtained by adding the new disk of F to E and then adding non- 
separating disks until we have 3g — 3 + n disks. Let enumerate the 
solid pants of G. Let Aj = U Pi be the four-spotted ball containing 
Gi in its interior. 

Let H, I = {Hi}, {Ii} be collections of disks so that Hi,F are con- 
tained in Aj and Gi,Hi,F are pairwise dual in Aj. Now, all of these 
disks G U HI U I lie in E U link(E) U dual(E). Thus $ fixes all of them. 
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Thus $ fixes F. Consider $|link(F). By Theorem 12.11 the automor- 
phism / = $| link(F) is geometric. Let / also denote the given homeo- 
morphism of V = V\ neigh(F). Let G' = G\F and W, ¥ be the disks 
of H,I contained in V . Thus / fixes all disks of G',H',F. It follows 
that / permutes the solid pants {Pk}- 

If / nontrivially permutes {Pk} then, since each Gi is fixed, we find 
that adjacent solid pants are interchanged. This implies that V = 
P\ U P2, a contradiction. 

So / fixes every P^. Since all disks in G' are fixed, / is either ori- 
entation reversing, isotopic to the identity, or isotopic to a half-twist 
on each of the Pk- Let Gi G G' be any disk meeting P^. Then f\Pk 
cannot be orientation reversing because the triple Gi, Hi, Ii determines 
an orientation on Xi and hence on Pk- If f\Pk is a half- twist then Pk 
meets two spots of V. Thus Gi meets two solid pants Pk, Pi so that 
Xi = Pk U Pi. Now, as e(V) > 3, the solid pants Pi meets at most 
one spot of V. Thus f\Pi is isotopic to the identity. So if f\Pf. is 
a half-twist then f(Hj) 7^ Hi, a contradiction. Deduce that /, when 
restricted to any solid pants, is isotopic to the identity. Now, since / 
fixes all of the Hi, f is isotopic to the identity on V , as desired. 

Deduce that $| link(F) is the identity. As $ fixes duals to F by 
Lemma [8.21 the automorphism $ fixes all of dual(F). This completes 
the crawling step and so completes the proof of: 

Theorem 9.3. If a handlebody V = V g<n satisfies e(V) > 3 then the 
natural map 7~C{V) — >• Aut(T>(V)) is a surjection. □ 

As a corollary: 

Theorem 9.4. If a handlebody V = V 9tn satisfies e(V) > 3 then the 
natural map T~C(V) — > Aut(P(V)) is an isomorphism. 

Note that Theorems 19.31 and 19.41 are sharp: when e(V) < 2 the 
conclusions are false. See Section @J 



Proof of Theorem \9.4\ Theorem 19.31 shows that the natural map is sur- 



jective. Suppose that the mapping class / lies in the kernel. As in the 
discussion of crawling through CQ{V) given above, let G = {Gi} be 
a pants decomposition of V so that all of the Gi are non-separating. 
Let {Pk} enumerate the solid pants of this decomposition. Let Xi = 
Pj U Pk be the four-spotted ball containing Gi in its interior. Let 
H, I = {Hi}, {Ii} be collections of disks so that Hi, Ii are contained in 
Xi and Gi,Hi,Ii are pairwise dual in X^. All of these disks are fixed 
by /. It follows that / is isotopic to the identity. □ 
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10. An application 

Theorem 10.1. If e(V) > 3 then the outer automorphism group of 
the handlebody group is trivial. 

This may be restated as: Aut(7i) = 7i. When g = then The- 
orem 110.11 follows from Lemma 12.21 and the first author's thesis [HI 
Theorem 3]. For the rest of this section we restrict to the case g > 1. 

The idea of the proof is to turn an element <fi G Aut(7i) into an 
automorphism of the disk complex T>{V). We do this, following [I], 
by giving an algebraic characterization of first Dehn twists about non- 
separating disks and then Dehn twists generally. We then apply The- 
orem 19.31 to to find the correspoding geometric automorphism. An 
algebraic trick then gives the desired result. 

A finite index subgroup r < 7i is pure if every reducible class in F 
fixes every component of every reducing set. For example, the kernel 
ofH^ Aut(#i(<9 + V, Z/3Z)) is pure. 

Lemma 10.2. Suppose V <7i is pure and finite index. Then {f{\ C 
7i is a collection of Dehn twists along a pants decomposition of non- 
separating disks in V if and only if 

• the subgroup A = (fi) is free Abelian of rank £,{V), 

• fi and fj are conjugate in 7i, for all i,j, 

• fi is primitive in C-^{A): fi is not a proper power of any h G 
C-h(A), and 

• the center of the centralizer of the class /" in T is infinite cyclic 
(for all i and for all n so that /" G Tj: 

c(CH/f )) = z. 

Proof. The forwards direction is identical to the forwards direction of [U 
Theorem 2.1]. The backwards direction is similar in spirit to the back- 
wards direction of [U Theorem 2.1] but some details differ. Accordingly 
we sketch the backwards direction. 

The mapping class fi can not be periodic or pseudo-Anosov as that 
would contradict the first property. Let C S = d + V be the canonical 
reduction system for the Abelian group A [I]. Let {Xj} be the compo- 
nents of iS'n neigh(0) and let {Y k } be the collection of annuli neigh(O). 
By [U Lemma 3.1(2)] the number of annuli in {Y^} plus the number of 
non-pants in {X,} equals £(V). It follows that every non-pants Xj has 
complexity one (so is homeomorphic to So,4 or Si,i). 

Fix a power n (independent of i) to ensure that /" G T. For each 
Xj of complexity one there is some so that f™\Xj is pseudo-Anosov. 



AUTOMORPHISMS OF THE DISK COMPLEX 



17 



Suppose that / = /f , X = X\ has complexity one, and f\X is pseudo- 
Anosov. Let A 1 * 1 be the stable and unstable laminations of f\X. For 
every i, the mapping f™\X is either the identity or pseudo-Anosov. 
Note that in the latter case the stable and unstable laminations of 
fP\X agree with A : otherwise a ping-pong argument gives a rank two 
free group in A, a contradiction. Thus, perhaps taking a larger power 
n, we may assume that for each i either f™\X is the identity or identical 
to f\X. For each i where f"\X = f\X we temporarily replace by 

Continuing in this manner we find a free Abelian group B < A n V of 
rank at least |G| where all elements are supported inside of the union 
of annuli Since B is pure, it follows that all elements of B are 

compositions of powers of Dehn twists along disjoint curves. A theorem 
of McCullough pj] implies that every curve in either bounds a disk 
or cobounds an annulus with some other curve of 0. However, each 
annulus reduces the possible rank of B by one; it follows that every 
curve in bounds a disk. 

Let 7 be any essential non-peripherial component of dX. It follows 
that / commutes with T 7 , that T 7 lies in 7i by the above paragraph, 
and that T 7 to some power lies in C(Cr(/)). But this contradicts the 
fourth property. It follows that every component Xj is a pants and 
that |0| = £(V). Thus every /, is a compositions of powers of disjoint 
twists. Again, by the fourth property each fa is some power of a single 
twist. By the third property (following [3]) /j is in fact a twist. Finally, 
by the second property, each twist is supported on a disk of the same 
topological type. As every pants decomposition of V must contain a 
non-separating disk all of the twists fi are supported by non-separating 
disks. □ 

We now give the general characterization: 

Lemma 10.3. Suppose Y < Ti. is pure and finite index. Then {fi} C Ti 
is a collection of Dehn twists along a pants decomposition of V if and 
only if 

• the subgroup A = (fi) is free Abelian of rank £(V) ; 

• fi is primitive in C-n(A), 

• for all i and for all n so that f? G T either C(C r (/™)) = Z 
or there is a j so that C(Cr(// 1 )) = Z 2 with the latter given by 
{fit fj) an d fj is a twist on a non-separating disk. 

Proof. Suppose that {A} is a pants decomposition and fi is the pos- 
itive twist on Di. Then A = (fi) is free Abelian of the correct rank. 
The second property follows as A = C-n(A). The third property follows 
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from Ivanov's discussion [I] except if Di is a handle disk. In this case 
the meridian of the handle, say Dj, gives a twist fj which lies in the 
center of the centralizer. 

The backwards direction is similar to that of the proof of Lemma ["10.21 
The only change occurs when f\X is pseudo-Anosov: when the center 
of the centralizer has rank two then the additional element is a twist 
about a separating disk and this contradicts the third property. □ 

The following lemmas follow from the idential statements for the 
mapping class group of S [5]: 

Lemma 10.4. Suppose D and E are essential disks. The twists To, Te 
commute if and only if D and E can be made disjoint via proper isotopy. 

□ 

Lemma 10.5. For any twist Tp and for any homeomorphism h we 
have hTph^ 1 = T^im. □ 

Lemma 10.6. For any pair of disks D and E and any pair of integers 
n and m, ifTjj = Tg 1 then D = E and n — m. □ 

The proof of Theorem 110.11 now follows, essentially line-by-line, the 
proof of either [5J Theorem 2] or [SJ Theorem 3]. □ 

To extend our algebraic characterization of twists in T~C(V) (Lem- 
mas 110.21 and 1 10 .3[) to a characterization of powers of twists inside of 
finite index pure subgroups T < 7{(V) appears to be a delicate matter. 
Solving this problem would, following Ivanov [5], solve: 

Problem 10.7. Show that the abstract commensurator of Ti.(V) is 
Ti.(V) itself. Show that TC(V) is not arithmetic. 

References 

[1] Joan S. Birman, Alex Lubotzky, and John McCarthy. Abelian and solvable 

subgroups of the mapping class groups. Duke Math. J., 50(4):1107-1120, 1983. 

|http://www. math. columbia.edu/~jb /papers. html| 
[2] Sangbum Cho and Darryl McCullough. The tree of knot tunnels. 

|arXiv:rnath/06119"2l} 
[3] Willam J. Harvey. Boundary structure of the modular group. In Riemann 

surfaces and related topics: Proceedings of the 1978 Stony Brook Conference 

(State Univ. New York, Stony Brook, N.Y., 1978), pages 245-251, Princeton, 

N.J., 1981. Princeton Univ. Press. 
[4] N. V. Ivanov. Automorphisms of Teichmullcr modular groups. In Topology 

and geometry — Rohlin Seminar, volume 1346 of Lecture Notes in Math., pages 

199-270. Springer, Berlin, 1988. 
[5] Nikolai V. Ivanov. Automorphism of complexes of curves and of Teichmullcr 

spaces. Internat. Math. Res. Notices, (14):651-666, 1997. 



AUTOMORPHISMS OF THE DISK COMPLEX 



19 



Nikolai V. Ivanov and John D. McCarthy. On injective homomorphisms be- 
tween Teichmuller modular groups. I. Invent. Math., 135(2):425-486, 1999. 
Richard Kent. Chris Leininger, and Saul Schlcimer. Trees and mapping class 
groups. J. Reine Angew. Math. To appear. arXiv:math/0611241 
Mustafa Korkmaz. Automorphisms of complexes of curves on punctured 
spheres and on punctured tori. Topology AppL, 95(2):85— 111, 1999. 
Feng Luo. Automorphisms of the complex of curves. Topology, 39(2):283-298, 



2000. arXiv:math/9904020 



Darryl McCullough. Virtually geometrically finite mapping class groups of 3- 
manifolds. J. Differential Geom., 33(l):l-65, 1991. 

Darryl McCullough. Homeomorphisms which arc Dchn twists on the boundary. 
2002. |http: / /www, math, ou.edu/~dmccullough/research /pdffles/de hn.pdq 
Kasra Rati and Saul Schleimer. Curve complexes are rigid, 2008. 



arXiv:math/0710.3794 



Bronislaw Wajnryb. Mapping class group of a handlcbody. Fund. Math., 
158(3):195-228, 1998. 

Department of Mathematics, Middle East Technical University, 06531 
Ankara, Turkey 

E-mail address: korkmaz@arf.matli.metu.edu.tr 

Department of Mathematics, University of Warwick, Coventry, CV4 
7AL, UK 

E-mail address: s.schleimer@warwick.ac.uk 



